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A strength-ductility trade-off usually occurs when grains are refined to increase strength. A
question arises on if there exists a grain size for the best strength-ductility combination, i.e., with
the highest possible strain energy density limit and strength simultaneously. This issue is crucial
for guiding the design of strong and tough structural materials. Here we reveal an optimum grain
size (dopimum) On the order of a few micrometers, at which the strain energy density limit, esti-
mated as the product of strength and uniform elongation, reaches a maximum while maintaining
reasonably high yield strength. The dypimum is found to exist in a series of single-phase FCC, BCC
and HCP materials, indicating it as a universal phenomenon. Theoretical models on the grain size-
dependence of uniform elongation and ultimate strength are developed by considering dislocation
accumulation in grain boundary affected region (Gbar) and grain interior based on the classical
Kocks-Mecking-Estrin model. Combined with the Hall-Petch relationship, the models accurately
predict the dypimum- Importantly, the models disclose this dpimum to be close to twice of the
characteristic width of Gbar (lgp,,), suggesting that it is exactly at or near the critical grain size
with the strongest intragranular strain gradient effects.

1. Introduction

Metallic materials are desired to be strong and ductile at the same time. Unfortunately, these two properties are usually mutually
exclusive, especially when manipulating grain size (d) to improve one of them (Meyers et al., 2006). Good ductility originates from
high work hardening capability, which helps to resist strain localization and consequently prevent catastrophic failure (Ritchie, 2011;
Zhu and Wu, 2018). This is one of the key reasons why coarse-grained (CG) materials remain the primary choice for most structural
applications. However, the low strength of CG material requires more materials to carry the load, which makes it less energy efficient
in applications (Li and Lu, 2017). Grain refinement can effectively strengthen materials, but it usually sacrifices ductility. As extreme
cases, ultrafine-grained (UFG) and nanostructured (NS) materials can be many times stronger than their CG counterparts, but their
ductility is typically lower than 5% (Lu, 2014; Ovid’ko et al., 2018). This presents a major problem for the high-strength NS bulk to
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serve in safety-critical applications. Such grain size-related strength-ductility trade-off raises a few critical issues. Does an optimum
grain size (dopimum) exist for strength-ductility combination? If so, how to determine and predict the dypmum theoretically? Further-
more, what is the mechanism behind it?

These issues are not only fundamental to understanding the grain size effects on mechanical behavior, but also important for
guiding the microstructural design of high-performance materials, including the conventional engineering materials and advanced
composites. For example, in the heterostructured materials, superior strength-ductility combination is expected if the grain size of the
heterogeneous constituent zones can be tuned to the corresponding dopsimum (Sathiyamoorthi and Kim, 2020; Zhu et al., 2021). Despite
the relentless efforts in optimizing strength-ductility combination by largely manipulating the microstructures (Li and Lu, 2017; Wu
etal., 2022, 2015; Zhong et al., 2022), the chemistry (Li et al., 2016; L. Y. Liu et al., 2022), or both at the same time (Fan et al., 2022; S.
S. Liu et al., 2022), the present issues remain unsettled in theoretical understanding.

Achieving the best strength-ductility combination generally means that at the highest possible strength level, the strain energy
density limit reaches or approaches the maximum. The difficulty in predicting the dyptimun lies in the complexity of grain size effects on
the strength and ductility that govern the strain energy density limit. Although the yield strength can be simply evaluated using the
Hall-Petch equation (Hansen, 2004; Meyers and Chawla, 2009), the dependence of ductility and ultimate strength on grain size are not
well understood (Li and Cui, 2007). Since ductility and ultimate strength are deformation history-dependent properties governed by
work hardening and plastic instability (Yasnikov et al., 2022; Zhu and Wu, 2018), their dependence on grain size is primarily due to the
interaction between dislocations and grain boundary. At the plastic stage, grain boundaries act as extra barriers to block dislocation
motion and sites for dynamic recovery, resulting in distinct dislocation accumulations in the vicinity of grain boundary and in the grain
interior (Delincé et al., 2007; Haouala et al., 2018; Hirth, 1972; Meyersm and Ashworth, 1982). Along with these behaviors, significant
intragranular strain inhomogeneity is developed, which complicates the distribution of both short- and long-range internal stresses
within grains (Ashby, 1970; Jiang et al., 2022). Grain refinement embraces more extensive grain boundary-dislocation interactions. As
extreme cases, when the grain size is reduced to ultrafine or nanometer scale, the free slip path and storage room of dislocations are
largely limited by the high-density grain boundaries, and the dynamic recovery is gradually dominated by grain boundaries (Meyers
et al., 2006; Yu et al., 2005). The coupling of these factors complicates the interpretation of grain size effects on work hardening,
making it a great challenge to derive explicit models on the grain size dependence of ductility and ultimate strength, and thus
obscuring the reasoning path towards doptimum-

Nevertheless, some recent experimental results may provide a potential hint on the possible dopimum. Specifically, fine grains (FG) of
a few micrometers were coincidentally involved in a variety of advanced structures with superior strength-ductility combination,
including in homogeneous materials (Guo et al., 2022; Li et al., 2008; M.W. Liu et al., 2022; M.S. Wang et al., 2022), heterostructured
materials (Huang et al., 2018; Wang et al., 2002; Wu et al., 2015), and conventional composites (Wu et al., 2017). For instance, in
partially recrystallized Ti and Cu, both of which unite the UFG strength and the CG ductility, the FG zones with a grain size of about
2-4 pm were believed to play the key role in retaining work hardening (Wang et al., 2002; Wu et al., 2015). In the recently designed
strong-yet-ductile manganese steel and complex-concentrated Ni-Fe alloys, FGs were the main constituent (Fan et al., 2022; Zhong
et al., 2022). There appears to be some kinds of efficient strengthening and hardening mechanisms in this size range. Unfortunately,
most of these structures were designed by trial and error, lacking clear physical guidelines on the grain size. In short, the confirmation
of the existence and the exact value of dypimum as well as the possible deformation physics behind it remain elusive.

In this work, experimental results on the tensile properties of a series of single-phase materials with various crystal structures are
collected over a wide grain size range, from extensive literature available to the authors. Systematic analyses on grain size effects verify
that there indeed exists universally a dopimum at which the optimal strength-ductility combination is achieved. Theoretical models on
grain size effects are established to predict the dypmum. Deformation physics potentially responsible for the superior properties at
doptimum Will be discussed. Note that the dopimum is currently discussed in terms of the quasi-static tension properties at ambient tem-
perature, with dislocation-dominated plasticity, in order to deliver more general fundamentals.

2. Experimental data collection

In the literature and practice, ductility has been defined as the uniform elongation or the elongation to failure (Ovid’ko et al.,
2018). Uniform elongation is generally less affected by the gage dimension of specimen. In contrast, the high dependence of necking
strain on gage length often makes the elongation to failure artificially high or even meaningless if the uniform segment is relatively low
and/or non-standard small specimen is used (Zhu and Wu, 2018), such as in the tests commonly carried for UFG/NS materials. For this
reason, uniform elongation was advised to be more suitable as a measure of ductility (Ovid'ko et al., 2018; Zhu and Wu, 2018), which
is also the case of present research. The yield strength (,), ultimate strength (o), uniform elongation (5,) and grain size (d) of a series
of single-phase materials are collected from literature based on the following principles. First, to ensure the comparability of data from
different papers, the experimental test must be standard quasi-static uniaxial tension at room temperature using bulk samples, and the
purity or chemical composition of material is strictly regulated. For instance, the purity of Cu is required to be >99.9%. Second, to
ensure reliability, the data accompanied by well-defined stress-strain curves are highly preferred. Some stress-strain curves in liter-
ature have extremely low elastic modulus due to machine compliance, which are elaborately normalized with respect to the theoretical
modulus before data analysis. Third, only materials with homogeneous microstructures are considered. Fourth, twin boundaries are
treated as grain boundaries in grain size statistics.

The grain size range considered is typically from ~0.1 pm to ~100 pm, within which plastic deformation is largely dominated by
dislocation-based mechanisms. Except for the NS materials (d < 0.5 ym generally) processed by severe plastic deformation, all other
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materials have a fully recrystallized (RX) uniform microstructure. The recrystallized materials with grain size in the range of 0.1~1
pm, 1~5 pm and >5 pm are hereinafter referred to as RX UFG, RX FG and RX CG, respectively. The strain hardening exponent is
derived from the linear regression of five points taken from the true loge — logo curve in geometrical progression within 0.25,-0.85,,
following the ASTM standard E646.

3. Results
3.1. The optimum grain size (doptimum) for strength-ductility combination

We first take pure Cu as an example to probe the effect of grain size on mechanical properties. As shown in Fig. 1, the NS Cu displays
high yield strength (>350 MPa) but poor ductility. Recrystallization leads to a rapid recovery of ductility in the FG regime (Fig. 1A4),
whereas the yield strength decreases gradually but still remains at a reasonably high level (300-100 MPa, Fig. 1B). The uniform
elongation increases to almost 30% when grain size approaches 5 pm, at which the yield strength is ~100 MPa. Further grain growth
by annealing is accompanied by a rapid level-off of ductility. At the same time, the decrease in yield strength slows down upon entering
the CG regime. These observations indicate a reduced grain size effect in the CG regime. The ultimate strength evolves with grain size
in a way similar to that of yield strength.

As shown, the mutually exclusive of strength and ductility makes it difficult to identify the optimal combination. A combination of
high strength and high ductility means that the material has high strain energy density limit under tension, i.e., great energy dissi-
pation capability without fracturing, which can also be understood as having high tension toughness before necking (Ritchie, 2011;
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Fig. 1. The variation of (A) 6., (B) ¢, and (C) oy as a function of grain size d in pure Cu. The dotted lines are the numerical result of theoretical
models, which will be derived in Section 4. AC represents annealing coarsening, and SPD represents severe plastic deformation. Experimental data
are collected from the following literatures: al (Dalla Torre et al., 2004), a2 (Xue et al., 2012), a3 (Ren et al., 2018), a4 (Yang et al., 2015), a5
(Wang et al., 2019a), a6 (Mazaheri et al., 2021), a7 (Fang et al., 2011), a8 (Zhao et al., 2011), a9 (Zhao et al., 2006), al0 (Ma et al., 2015), al1 (An
et al.,, 2012), al2 (Li et al., 2008), al3 (Ebrahimi et al., 1998), al4 (Yang and Lu, 2013), al5 (Liu et al., 2016), al6 (Wang et al., 2019b), al7
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the web version of this article.)
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Sih and Macdonald, 1974; Soboyejo, 2003). Therefore, the product of strength and ductility, essentially an approximation of strain
energy density limit or tension toughness, can be used as the index to evaluate the strength-ductility combination (Pan et al., 2021;
Soboyejo, 2003). Here two indexes can be used: the product of ductility and the average of yield strength and ultimate strength, &,
*(0y + ouws)/2, and the product of ductility and yield strength, &, * o,. The former actually fits the area enclosed by the ascending
branch of tensile engineering stress-strain curve, representing a more accurate approximation of strain energy density limit, whereas
the latter is more convenient for engineering practice and can manifest the superiority of the material with moderate ductility but high
yield strength.

Figs. 2A-B show the variation of &, * (6, +0ws)/2 and &, * o, as a function of grain size. The poor ductility of high-strength NS
materials renders them extremely low values. Interestingly, recrystallization leads to a quick improvement in both 6, *(oy +0us) /2 and
8y * 0y, which simultaneously peak in the FG regime near a critical grain size of d.~2.5 pm, and then decrease gradually with further
increasing grain size in the CG regime. The appearance of prominent peaks suggests that the toughest under tension is actually the FG
material, rather than its CG counterpart what we usually think of as tough material. The 6, (6 +0ys)/2 and 6, * oy are plotted versus
yield strength in Figs. 2C-D. As shown, the FG with size near d. (symbols with x ) is about 2-5 times stronger than CG. The &,
*(0y +0us)/2 and 8, * o, drop dramatically if strength higher than that of FG is pursued. These reveal that the material is initially
toughened and strengthened simultaneously as grain size gradually decreases, but further strengthening after reaching d; is at the
expense of strain energy density limit. In other words, at the d. the maximum of strain energy density limit is attained with a rather
high strength, which is exactly what is meant by the best strength-ductility combination. Therefore, the d. is exactly the dopimum-

These findings firmly substantiate several fundamentals, at least for pure Cu. First, the dopimum for strength-ductility combination
does exist. Second, the dypmum is on the order of a few micrometers, falling into the FG regime. Third, the dypimun is essentially the
limiting dimension that allows toughening by grain refinement, at which the strain energy density limit reaches a maximum while
maintaining fairly high yield strength. Note that the dyyimun revealed by the two indexes are in perfect consistency, further verifying
their validity.

3.2. Universality of the doptimum

To probe whether the existence of dypimum is universal, we further examined the variation of &, * (6, +0ys)/2 and §, *o, with grain
size in more materials with different crystal structures and properties, including the bec interstitial free (IF) steel (Fig. 3), hep pure Ti
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Fig. 2. d-dependent variation of (A) &, * 6, and (B) 6, * (6y + ous)/2, showing the existence of doptimum in the FG regime for strength-ductility
combination. (C) 8, * oy and (D) &, * (oy +0us)/2 plotted as a function of 6y, showing that the superior strength-ductility combination at doptimum
is achieved with high yield strength. The literatures numbered al-al8 are same to those in Fig. 1. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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(both in grade I and grade II, Fig. S1), austenitic stainless steel (316 L, Fig. S2), pure Al with high stacking fault energy (SFE) (Fig. S3)
and Cu-Al alloys with low SFE (Figs. S4 and S5). Strikingly, it is found that all materials share the similar grain size dependence of
strength-ductility combination to that of pure Cu, i.e., displaying &, * (6, +0us)/2 and §, * 6, peaks soon after recrystallization from
NS. Taking the bec IF steel as an example, the dypimm appears at ~2.2 pm, away from which the properties are obviously dropped
(Figs. 3A-B). The optimal strength-ductility combination is achieved at a high strength level several times that of CG materials, and it
disappears rapidly if the yield strength increases beyond ~400 MPa (Figs. 3C-D). The dyprimum and the properties at it are summarized in
Table. 1. These observations suggest that the doyimm may exist ubiquitously in materials with different crystal structures.

It is noticed that the dpsimun of most materials are in the FG regime, i.e., within 1-5 pm (Table. 1). Fig. 4A, in which only the data of
RX UFG and RX FG are included, compares the §, * (6, +0ws)/2 peak among pure Cu, Cu-5Al and Cu-11Al As shown, the dopsimum
decreases gradually with increasing Al content. In Fig. 4B, the dypimum Of a series of fcc materials are plotted as a function of SFE,
showing that lower SFE tends to confer smaller dopimum.

The appearance of denser annealing twins may be responsible for the reduced dyprimum When decreasing SFE. In fcc crystals, low SFE
facilitates the formation of annealing twins during recrystallization (Mahajan, 1997; Tian et al., 2016), which act as obstacle and
pathway for dislocation glide and thus produce strengthening and hardening effects simultaneously (Lu et al., 2009; Zhu et al., 2012).
In other words, twin boundaries contribute to both higher strength and ductility while rendering the grain (crystal) size smaller,
thereby enabling the best combination of strength and ductility at finer grain size. It should be noted that the increase of solute content
in alloys may also be a potential factor for the change of the dypimum With SFE, since there are additional strengthening and hardening
effects conferred by solid solution. These results and physics make it reasonable to believe that the dypmum of materials with high/-
medium SFE should generally be within the FG regime, while lowering SFE gradually reduces it even to the UFG regime in extreme
cases.

4. Theoretical model for predicting the d,pimum

The existence of dypimum has significant implications for the design and choice of structural materials for superior mechanical
properties at minimum material cost. For example, a 316 L stainless steel structure can reduce its weight by a third, while carrying the
same load without sacrificing the strain energy density limit, if its grain size is refined from ~40 pm to the critical size doprimum (~1.2
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Fig. 3. The doptimal (~2.2 um) of IF steel with a Fe content of >99.66 wt.%. d-dependent variation of (A) &, * 6y and (B) 8, * (6y + ouss) /2. (C) 8, *0y
and (D) 6, * (6y +ous)/2 versus o,. Experimental data are collected from the following literatures: bl (Wu et al., 2014), b2 (Hazra et al., 2011), b3
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etal., 2004), b10 (Purcek et al., 2012). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)
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Table. 1

The doptimum and the corresponding best strength-ductility combination of materials with varying crystal structures and properties. The &, *(oy +0oys)
/2 and &, * 6, of hep pure Ti, pure Al, 316 L stainless steel and Cu-Al alloys plotted against d and o, are collected in the Supplementary Materials.

Materials Crystal type SFE, (mJ/m?) doptimum (um) Gy 8u*(6y + Ous) /2 at doptimum 8, *0y
at doptimum (mJ/mm®) at doptimum
(MPa) (mJ/mm3)
Pure Cu (>99.9 wt.%) fee 78.5 ~2.5 ~180 53+7 43+6
IF steel (>99.66 wt.%) bee 200 ~2.2 ~300 66+11 60+12
Pure Ti grade I or TA1 hep - ~3.2 7219 ~475 65+9
grade II or TA2 — ~3 104412 ~545 96+8
Pure Al (>99.4%) fee 166 ~2 50-130 20+8 17+5
316 L stainless steel fee 27 ~1.2 ~600 265+55 230+45
Cu-5Al (4.5-5.0 at.% Al) fee 32-28 ~1 ~225 84+8 70+8
Cu-11A1 (10.8-11.6 at.% Al) fee 10-8 ~1 ~300 130+23 106+14
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Fig. 4. Effect of SFE on the doptimum. (A) Comparison of the d-dependent 4, * (6, +0ys)/2 among pure Cu, Cu-5A1 and Cu-11Al. (B) The variation of
doptimum With decreasing SFE in FCC materials. The doptimum of CrCoNi was reported to be ~0.7 um if twin boundary is included in grain size statistics
(Guo et al., 2022). The literatures for the data of pure Cu are same to those in Fig. 1. Literatures for the data of Cu-Al alloys are: c1 (Tian et al.,

2016), c2 (Liu et al., 2018), ¢3 (Ren et al., 2021), c4 (An et al., 2011), ¢5 (Lin et al., 2020). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

pm) (Fig. S2). To rationalize the existence of dgpimum and predict it theoretically, a physics-based model is highly desired. The key to it
should be the theoretical models representing the grain size dependence of 6y, 6, and 6.

4.1. Grain size dependent 6y

For the polycrystalline materials with dislocation-mediated yielding process, the dependence of o, on grain size can be represented
by the Hall-Patch relationship

0y = 05 + kupd ™", 1.1

where o is the lattice friction stress and kgp is a fitted material constant, although the underlying physics are still under discussion
(Dunstan and Bushby, 2014; Hansen, 2004; Meyers and Chawla, 2009). It has been proved that the Hall-Patch relationship is generally
valid over a wide grain size range even down to tens of nanometers (Chen et al., 2006; Sanders et al., 1997). For pure Cu over the grain
size range of d > 0.1 um it can be well fitted by o, = 25 + 190d—°> (the red dotted lines in Fig. 1B).

The effect of grain size on global flow stress (cf,y) lies in the d-dependent o), and work hardening, as expressed by the Taylor
relation

Ofiow = Of + kHPdiov5 + ﬁ\/ﬁ7 (12)

where dislocation density p is a function of grain size and deformation history. f = MaGb, where M, a, G and b are Taylor factor, Taylor
constant, shear modulus and the magnitude of Burgers vector, respectively.

4.2. Grain boundary affected region (Gbar)

The Considere criterion and the flow stress expression (Eq. (1.2)) suggest that the §, and o, are governed by work hardening,
whereas work hardening is determined by dislocation accumulation. Therefore, more attuned to the physical model of d-dependent &,
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and o,; would be to track the grain boundary effects on dislocation accumulation.

Grain boundaries may act as both slip barriers and sources for dislocations (Cottrell, 1958; Murr, 2016). Meyer et al. (Fu et al.,
2001; Meyersm and Ashworth, 1982) proposed that the inter-grain deformation incompatibility is capable of introducing high shear
internal stress at grain boundaries, which helps to activate more dislocation slips in its vincity (Zhou et al., 2019). These effects
collectively lead to the formation of a grain boundary affected region (Gbar) with unique dislocation accumulation and work hard-
ening behaviors that are distinct from those in grain interior (Delincé et al., 2007; Fu et al., 2001; Hirth, 1972; Meyersm and Ashworth,
1982). As such, in the analysis of grain plasticity, a grain can be modeled as a composite of Gbar and grain interior if the diameter is
larger than twice of the charactertstic width of Gbar (Igper), i-€., d > 2lgper, Whereas the entire grain is composed of Gbar if d < 2lgp,,
(Fig. 5).

The ratio lgp,r/d determines the volume fraction of Gbar and thus is a key parameter controlling the intensity of grain boundary
effects. Note that grain boundary-supported dislocation accumulation generally appears in a pile-up configuration (Hirth and Lothe,
1982a; Murr, 2016; Zhou et al., 2019), particularly at the low-strain stage. Grain boundary/dislocation interaction in Gbar is man-
ifested as the pileups repelling incoming dislocations, while dislocations away from the pileup end is not affected much due to the
quick attenuation of pile-up induced long-range back stress (Hirth and Lothe, 1982a; Mitchell, 1964; Zhu and Wu, 2019). Therefore,
the Igper can be logically considered equal to the saturation length of pile-up (Ljeyp)-

Upon loading, piling-ups against grain boundary occur before macro yielding (Fu et al., 2001; Meyersm and Ashworth, 1982). The
length of a pile-up increases with increasing resolved external stress (7,) until the stress concentration at head reaches the strength of
grain boundary (z*), beyond which the heading dislocation may transmit through it, or dislocation sources in adjacent grain may be
activated, which relieves local stress concentration and thus removes the opportunity of further increasing pile-up length by increasing
7, (Meyers and Chawla, 2009). Since the length of screw dislocation pile-up is often limited by cross-slipping (Adelman and Dundurs,
1973), here we consider the pile-up of perfect edge dislocations to obtain the upper limit of l,je,, which should be more physically
appropriate in representing the Igyq,. Thus, the governing equation for Ly, is

7(1 = ) byitep 7 _

* 2.1
Gb t (2.1)

in a single-ended pile-up of edge dislocations, where v is the Poisson’s ratio. The left term represents the stress concentration at pile-up
head, equaling the product of the number of dislocations in the pile-up and the 7, (Eshelby et al., 1951; Hirth and Lothe, 1982a).

Considering that for the small grains with d at or near submicron, the pile-up length is generally limited by the grain size, which can
be statistically taken as half of the grain size, i.e., Lz, = d/2. Since the whole grain is occupied by Gbar (piling-up region), the 7, in
such small grain can be considered to be uniform. Thus, if it is further assumed that macro yielding occurs when the stress concen-
tration at the head of early pile-ups is high enough to yield the grain boundary (Meyers and Chawla, 2009), i.e., yielding when the
length of early pile-ups reaches Ly, the 7, at this critical state can be represented by the macroscopic yield strength as 7, = %.
Taking these two scenarios into account in Eq. (2.1) yields

X, 2
=) () ‘ (2.2)
2Gb

Although the 7* is derived by analyzing a special case (small grains at yielding), it actually is a material constant valid for other
grain size ranges and deformation states as well. Multiplying Taylor factor M yields the grain boundary strength ¢* in terms of normal
stress, which can be considered as the strength limit of a polycrystalline aggregate in the size range with dislocation-dominated
plasticity. The ¢* for Cu is estimated to be ~1 GPa, which is consistent with our common knowledge on the maximum strength of Cu.

While for large grains with d > 2lgp,,, the 7, in Gbar and grain interior should be different and thus cannot be evaluated based on the
overall applied stress (Fu et al., 2001). For instance, the pile-up exerts extra back stress in Gbar, which requires higher 7, to drive local
deformation. We assume that pile-ups are mainly generated by Frank-Read sources. Thus, the 7, at pile-up source equals the sum of the
intrinsic bowing stress (zr_g) and the back stress exerted by piling-up dislocations (z;)

T = Tp-R + Tp, (2.3)

Zlear <d

das< Zlear

Fig. 5. A schematic illustrating the Gbar and grain interior. SSD and GND represent statistically stored dislocation and geometrically necessary
dislocation, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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where 77_g = Gb/R, and R is the distance between the pinning points of source (Hull and Bacon, 2011). The source is assumed to be
outside the pileup, with a limited distance on the order of R from pileup end. The 7, thus can be obtained by a standard integration of
the interaction stress of piling-up dislocations. The result is (Hirth and Lothe, 1982a)

R
=t (l—y5— | 2.
o o < R + lpileup > ( 4)

Combining Eqgs. (2.3) and (2.4) yields

R l ilew)
Tr = Tr-r\/ % (2.5)

Substituting Eqs. (2.2) and (2.5) into (2.1) gets

1/ kir \° R
bpitewp = = o 2.6
i 2 (MTF—R) R+ lpileup ( )

The Loy observed in CG under electron microscope is generally on the order of microns (Murr and Wang, 1982; Otto et al., 2013),
whereas R is usually on the order of submicrons as approximated by the average spacing of dislocations (Hirth and Lothe, 1982b; Hull
and Bacon, 2011). Thus, ﬁ can be approximated by %. Plugging the bowing stress into it leads to

‘pileup pileup

kHP R3 /2

i 2.7
V2MGb 27

lpileup ~

Therefore, we have

kHPR3/2

V2MGb' @®

lenr ~

Igpar is estimated to be on the order of a few micrometers. For instance, taking R to be about 10%b such as ~0.5 um and kgp = 190 MPa -
um®3 for CG Cu, lgpgr is ~1.4 ym. Taking kpp = 500 MPa - um®® for 304 stainless steel, Igp- is calculated to be ~2.1 um, which is almost
exactly the experimentally measured average length of grain boundary-supported pileups by Murr et al. (Murr, 2016; Murr and Wang,

1982). Note that the deviation in I, introduced by the approximation of ﬁ;xm by ﬁ is typically less than ~10%, and it does not

exceed 11% even for a material like 304 stainless steel for which the T’%‘;, a key factor controlling the deviation, is extremely high.

Eq. (2.8) suggests that gy, is a material constant determined primarily by grain boundary strength and dislocation source property.
Murr et al. has found that the average length of grain boundary-supported pileups remains largely constant in the plastic stage (Murr,
2016; Murr and Wang, 1982). These observations convince us that lgp, is independent of plastic deformation history. It should be
noted that, at macro yielding, the attainment of * by early pileup indicates the local grain boundary, rather than the whole, cannot
withstand more dislocations joining the pileup. In other words, there is an opportunity to form more pileups in Gbar in the plastic stage
(Murr, 2016; Wang et al., 2020).

4.3. Grain size dependent 8, and 6

Here dislocation evolution laws for Gbar and grain interior are developed based on the Kocks-Mecking-Estrin model and the
extension made by Li et al. (Estrin et al., 1998; Estrin and Mecking, 1984; Kocks, 1976; Li et al., 2017; Li and Soh, 2012; Mecking and
Kocks, 1981). Specifically, the original mean-filed model is simplified for different grain size intervals by distinguishing the major
dislocation multiplication and recovery terms in the two regions based on the underlying physics.

In the size range of d < 2, grain is entirely composed of Gbar, and dislocation activities are grain boundary-affected processes,
as analyzed above. Filtering out the terms independent of grain boundary effects from the extended Kocks-Mecking-Estrin model yields
the governing equation of dislocation density (pg,,) evolution for such small grains,

6/)”7 k() lear :
—Hbar _ A1 22 g () p 31
aeGhur,}) bd : d Ghar |1 3.1

where &gpqrp is the plastic strain, while ko and k; are material constants. The first term on the right side describes dislocation storage
rate, which is proportional to grain boundary density; this term has been validated by the observations that the mean free slip path of
dislocations in small grains is largely determined by grain size (Estrin and Mecking, 1984; Mecking and Kocks, 1981). The last term
accounts for the grain boundary-assisted recovery (Li and Soh, 2012; Zhao et al., 2020), which has been widely used to represent the
quick dislocation saturation and corresponding plasticity of UFG/NS materials (Li et al., 2020; Malygin, 2007; Valiev et al., 1994).
Integrating Eq. (3.1) obtains the expression for pg,,. Substituting it into Eq. (1.2) and then implementing the initial condition, ogpqr
= 0y at egperp = 0, gives the expression of flow stress ogpqr
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k
OGbar = Oy +/f\/é [1—exp( — k3&gparp) |- (3.2)

2
where ky = %, and k3 = Mk, (l%) . The limit of uniform plastic strain egpqrpu, therefore, can be derived based on the Considere

criterion (;’E”Gi‘;p = OGpar AS
2
1 ) 1 k3 V 6,3+/j2k2(2+k3)_0-y (3.3-1)
EGbarpy — —7 1N — 5 . O
Ghart ks Fho 2+ ks

Then, substituting &gparpy into Eq. (3.2) obtains the strength at the end of uniform deformation

/O + Fh(2+ k) — oy
_ (3.3-2)

2+ k3

OGharpu = Oy +

Obviously, the egparpy and ograrpu can be explicitly represented as functions of d. Note that, for a pre-strained material with initial
dislocation density of p, the egperpu and 66parpu can also be derived by changing the initial condition as 6gper = 6, + Maub, /p; at €gparp =
0. The results will show that pre-strain only affect the residual egpqrpu While 6gperpu Temains unchanged.

In the Gbar of grains in the size range of d > 2lgp,, dislocation evolution and stress-strain response should be same to those of a
grain at the critical size of d = 2lgp,, sSince in both cases the grain boundary effect manifests itself to the greatest extent. In other words,
the plastic behavior of Gbar in such large grains can also be described by Eqs. (3.1-3.3) adopting a virtual parameter d = 2lgpq,. Thus,
the uniform plastic strain limit and corresponding strength limit of Gbar in large grains are, respectively, numerically equal to the
£Gbarpu AN OGparpy at d = 2lgper, hereafter being referred to as sgbw‘pu and "ccbar,pw

In grain interior, dislocation evolution depends primarily on local dislocation density and not affected by grain boundary, so it can
be represented by the classical Kocks-Mecking model (Kocks, 1976; Mecking and Kocks, 1981)

op; k. .
ap—lm = ‘}W(_4 VPin — ks (eimw T)/)im) . (34)
eim.p b

The storage rate (the first term on the right side) is considered inversely proportional to the mean slip path pi;[l/ % with a factor of ks.

The last term describes the recovery rate in which the factor ks is a function of temperature and strain rate. By integrating Eq. (3.4) and
then implanting the resulting p,,, into the local flow stress expression oy, = of + 3,/p;,; with an initial condition that 6y, = o7 at ey =
0, one readily obtains the flow stress of grain interior

k k int,p
Oint = Of +'% {1 —exp< — %)}, (3.5)

7

where kg = M %“ and k; = Mks (&icp, T). This is actually a natural exponential expression of stress-strain relationship in the form of 6 =
0o + ke™. Then, the limit of uniform plastic strain e, and the corresponding strength limit ¢y, are, respectively, derived as

s 2| 2t (3.6.1)
intpu = —7 AN [ .6.
WlarE
and
_ Pks + kqof
Cintpu = 24k (3.6.2)

Clearly, these two properties are also d-independent constants.

The different dislocation accumulation behaviors in the Gbar and grain interior render inhomogeneous intragranular plasticity. For
example, the Gbar may be work hardened in a higher rate and reach flow stress saturation at an earlier stage of global strain than those
of grain interior (Fu et al., 2001; Meyersm and Ashworth, 1982). Here we assume that the onset of global instability can only occur
when both the Gbar and the grain interior reach flow stress saturation. Accordingly, the global limit of uniform plastic strain &,, can be
approximated as the area fraction-weighted average of the saturation strains of Gbar and grain interior, i.e.

eGbar,pu (d S 2lear)
Epu = , (3.7.1)
SGbnré’E;ba,W + (1 — Separ) €intpu (d > 2lGpar)
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where Sgper =1 — (d — 21Gbar)3 /@ is the average area fraction of Gbar on the across-section of a polycrystalline sample. Similarly, the
global strength limit oy, at &, is

(’Ghm‘pu (d S 2l(}har)
Opu = . (3.7.2)
SGbarUE;har_',m + (1 - SGbar)o-int.pu (d > ZZGbar)

The above analysis is conducted in terms of true stress and true plastic strain. By adding the elastic part and then transforming into
engineering response, one obtains the §,

oy
5, = exp (g,,“ +E> —1, (3.8.1)

and the oy
Ous = Opu [ (1 +8,). (3.8.2)

The models here provide explicit expressions of §, and 6,,; with d as the only variable. The grain size dependence and the underlying
mechanism are clearly indicated. For small grains with d < 2lg,,, the dependence originates from the grain boundary effects on
dislocation accumulation, whereas it is primarily due to the change of the area ratio of Gbar and grain interior when d > 2lgpq,-

The blue curves in Figs. 1A and C are determined by Egs. (3.7-3.8) using the parameters listed in Table. 2, which give reasonable
fits to the experimental data of 6, and 6,;. The blue curves in Figs. 2 and 3 represent the predicted 6, * (oy +0us)/2 and 6§, *o, by
combining Egs. (1.1), (3.7) and (3.8), which, both numerically and in the variation, are in good agreement with experimental results.
The predicted dypimum for pure Cu and IF steel are ~3.0 pm and ~2.4 ym, respectively. These comparisons confirm that the theoretical
models are valid and successful in representing the grain size dependence of 6, and oy, predicting the dypimum, and predicting the
strength-ductility combination. Interestingly, the predicted dypiimum are very close to 2lgpar, i.€., doptimum = 2lgpar-

4.4. Semi-empirical expressions for grain size dependent 8, and Gy

To obtain compact yet still physically meaningful models on the grain size dependence of §, and o, so as to be more attuned to
engineering application, further efforts are made to simplify the expressions in Eqgs. (3.7). In the expression of egpqerpu (Eq. (3.3-1)), 6y
(~10%d~1/2 MPa) is a small term as compared to f/ko(2 + k3) (generally > 103d~'/2 MPa). Ignoring this small term yields a concise
expression as

d d
86]’“’:/’“ Mlébur tn (dZ + Ml%;bar/z) . (41)

Table. 2
Material parameters required for the theoretical models (Egs. (3.7) & (3.8)), in pure Cu and IF steel.

Parameter Pure Cu IF steel Access

Shear modulus, G (MPa) 42.1*103 76.9%103 Physical parameters

Burgers vector, b (pm) 0.256%1073 0.26%10°3

Taylor constant, a 0.3 0.3

Taylor factor, M 3.06 3.06

Lattice friction stress, oy (MPa) 25 45

Characteristic width of Gbar, lgpe (pm) 1.4 1.3

Hall-Patch slope, kyp (Mpa - um®>) 190 330 Empirical/fitting constants

Geometric factor, ko 0.38 0.54

Grain boundary-assisted recovery factor, k; 1 0.7

Proportionality factor, k4 0.026 0.043

Dynamic recovery factor, ks 3.8 5.8

Note that the partition of Gbar and grain interior make the models explicit and concise. An attendant embarrassment here is that the reciprocal of the
piecewise representations (Egs. (3.7)) is discontinuous at d = 2lgp,, but fortunately it appears to have little influence on the predictions of the overall
dependence of §,, o4 and their combination on d (Figs. 1-3). Egs. (3.1) and (3.2) describe the dislocation evolution and flow stress response of Gbar in
a mean-filed manner. Such treatment maintains the model concise but ignores the effects of dislocation inhomogeneity. As discussed later, dislocation
inhomogeneity in Gbar is also partially responsible for the optimal strength-ductility combination at the dypimum. There is another possible limitation
for the above derivation. For the deformation of UFG and NS, we only considered the dislocation mechanism, while the possible effects conferred by
grain boundary activities such as sliding, rotation and migration were largely ignored. But it is also believed that this omission may has little effect on
predicting the grain size dependence of &, and 6y, since the extended Kocks—Mecking—Estrin model, which incorporated the grain size effects, has
been proved to be effective in describing the property of grains as small as a few hundred nanometers (Li et al., 2017; Li and Soh, 2012; Zhao et al.,
2020).
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Reconsidering that o, in Eq. (3.3-1) increases the natural number of the logarithmic function, Eq. (4.1) will provide an exaggerated
€gbarpu- Therefore, it is further modified by implanting a correction coefficient A to recall the effect of o,

d? d?
EGbarpu = *mln <m>7 (4.2)
where A should be smaller than MI2,,, /2. €5, ,, is updated accordingly as
4 42
c = _] Gbar . X
EGbar.pu i n (4Z%Pbar +A> (4.3)

As detailed in the expression (Eq. (3.6-1)), &pnepu is independent of grain size. It can thus be globally considered as a material
constant determined by dislocation accumulation capability, being denoted as ), ,,- The physical meaning of &), ,, suggests that its
value approximates the uniform plastic elongation of a material with ultra-large grains.

Therefore, updating Eq. (3.7-1) yields a compact semi-empirical expression for &,

d ( & >
— In (d S zlea,)
ME,., \d+A

£y = , (4.4.1)

SG(’“'Egbar.pu + (1 - Si"f)gg)rmpu (d > ZZGW’)

0

which contains only one variable (d), one empirical parameter (A), and two pending physical constants (Igpq- and &), _pu).

Similar analyses of the terms in Eq. (3.7-2) render a semi-empirical expression for o,

Cd
o, + _ d < 2gpar
P\, (0= 2o

O = (4.4.2)
SGbarG‘(.;;mr_,pu + (1 - SGbﬂf)ggn_pu (d > Zle“")

C is also an empirical correction coefficient, which is on the order of 0.1M/b and physically related to the grain boundary-assisted

dislocation multiplication in Gbar. The constant o7, ,, is a denotation of Eq. (3.6-2), i.e., the saturation flow stress of grain interior,

which is numerically approximated by that of a material with ultra-large grains. 6., = 0y + /ﬁ, representing the saturation

flow stress of Gbar in grains with d > 2l

The red curves in Figs. 1-3 are obtained by combining Eqgs. (1.1), (3.8) and (4.4) using the parameters listed in Table. 3. As shown,
the semi-empirical models provide reasonable predictions on the grain size dependent 6, and o5 (Figs. 1A & C), the doptimunm and the
optimized strength-ductility combination in FG regime (Figs. 2-3) as well. As compared to Egs. (3.7), the expressions and the empirical
parameters in Egs. (4.4) are largely reduced, whereas the newly introduced physical parameters, such as the €2, puand ggmpu, are more
meaningful. These results and comparisons suggest that the semi-empirical models expressed by Egs. (4.4) are valid and more attuned
to engineering applications, in denoting the grain size dependence of 6, and o, and predicting the dyptimun.

5. Discussion
5.1. Microstructural physics for the best strength-ductility combination at dyptimum

The optimal strength-ductility combination at the dgimum can be attributed to the unique microstructure. First, the FG has
considerably high grain boundary density, which results in high ¢, values several times that of CG (Figs. 1B & 2C-D). Second, the

recrystallized FG has ample room for dislocation storage, and at the same time the high-density grain boundary can effectively block
dislocations to ensure a high storage rate. These effects lead to high dislocation hardening to retain ductility. Fig. 6 shows the grain size

Table. 3

Independent parameters required for the semi-empirical models (Egs. (4.4)), in pure Cu and IF steel.
Parameter Pure Cu IF steel Access
Characteristic width of Gbar, lgpe (pm) 2 1.9 Physical parameters
Uniform plastic elongation of grain interior, f?m.pu 0.31 0.24
Saturation flow stress of grain interior, ogltpu (MPa) 245 310
Strain correction coefficient, A (um?) 3.4 2.8 Empirical/fitting constants
Stress correction coefficient, C (um 1) 4400 3200
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dependence of strain hardening exponent, verifying that the strain hardening capability indeed recovers quickly to near saturation in
the FG regime. Third, the dypimum may be exactly at the critical dimension enabling the most efficient development of intragranular
plastic strain gradient, which are expected to generate strong back stress strengthening and hardening (Wang et al., 2018b; Zhao et al.,
2020; Zhu and Wu, 2019), as analyzed in the next subsection.

5.2. Strong plastic strain gradient effect enabled by the dopsimum

The Gbar is characterized by GND pile-ups (Section 3.2). GND accumulation is accompanied by the developments of plastic strain
gradient (Ashby, 1970; Ma et al., 2016; Wang et al., 2019c¢). The derivation of I, suggests that it actually is an inherent internal
material length representing the grain boundary’s capability to withstand the accumulation of plastic strain gradient and/or the GND
piling-up, which is physically consistent with the material length [ introduced in the strain gradient plasticity to scale the strain
gradient effect (Gao et al., 1999; Huang et al., 2004; Hutchinson and Fleck, 1997; Nix and Gao, 1998). As discussed by Gao et al. (Gao
et al., 1999), the contribution of strain gradient, symbolically represented as lde/dx ~ ¢(l /D), becomes dominant as the characteristic
length of deformation field D is comparable to L. In micromechanical tests, D usually corresponds to the smallest geometric dimension
of deformation field, such as the beam thickness in micro-bending and the wire radius in micro-twisting (Hutchinson and Fleck, 1997).
While in the uniform tension of a polycrystalline aggregates, D could be taken as the half period of the inhomogeneous strain field at
grain scale, i.e., D ~ d/2, where d is the grain size. Thus, strong strain gradient effect is theoretically expected when d /2 approaches
lgar, i.€., at d ~ 2lgpar, Which is exactly in the FG regime and close to the dopimum-

In the plastic stage, more and more pileups will form against grain boundary in the virginal locations until the flow stress of Gbar
reaches saturation (Murr, 2016; Zhou et al., 2019), resulting in an enhancement of GND density gradient and plastic strain gradient
(Fig. 7A) (Ma et al., 2016; Wang et al., 2020). Consequently, high back stress, scaled by 7, ~ Gblébard”gfn (Bayley et al., 2006; Y. F.
Wang et al., 2022), is developed in Gbar (Fig. 7B).

Fig. 8 illustrates the grain size dependent distribution of plastic strain gradient, dislocations density gradient and back stress. In the
CG regime with d > 2l the average plastic strain gradient and back stress are small due to the existence of broad grain interior. For
the NS or UFG with d < 2, the overlapping of Gbars from opposite grain boundaries would mutually screen the piling-up of GNDs,
which offsets the accumulation of dislocation density gradient, although high global dislocation density is rendered by the short slip
path (Figs. 8A and B). Such screening effect consequently limits the development of back stress. While in the FG regime with d ~ 2lgpq,
i.e., at the dypimum (Table. 1 and Eq. (2.8)), there is neither redundant grain interior nor severe overlap of Gbars, and the fully developed
strain gradient zone approaches saturation (Figs. 8A and B). Thus, it is logically reasonable to expect the highest back stress effects
(Fig. 8C). In other words, the dypimm may be associated with the critical grain size with the strongest strain gradient, and the best
combination of strength and ductility at the dopimun originates largely from the strain gradient effects.

As mentioned earlier, the plots of &, * (6, +0us)/2 and 6, * oy versus grain size (Figs. 2, 3 & S1-S5) essentially reflect the grain size
dependence of strain energy density limit, and the prominent peaks disclose that the critical grain size with the highest strain energy
density limit is exactly the dopsimum for strength-ductility combination. This advocates a new design concept following the mechanical
principle: to optimize strength-ductility combination the microstructure should be engineered to maximize the strain energy density
limit, such as tuning the grain size of constituent zone towards the possible dypimum.
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Fig. 6. The grain size dependence of strain hardening exponent of pure Cu, revealing the quick improvement of work hardening capability in the FG
regime. The legend is same to that of Fig. 1. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 7. Illustrations of (A) GND pile-ups in Gbar and (B) the resulting intragranular back stress. (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)
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Fig. 8. Illustrations for the D-dependent distribution of (A) plastic strain gradient 5, (B) dislocation density gradient and (C) back stress 1, at the
same applied strain. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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6. Conclusion

In summary, the grain size dependence of tensile properties are systematically analyzed in a series of single-phase materials to
investigate the optimum grain size (dypsimum) for strength-ductility combination, which can be indexed by the strain energy density limit
such as by the products of strength and uniform elongation, 8, (6, +-0us)/2 and 8, * oy. Specifically, particular attention was devoted
to verifying the existence, seeking the exact value, establishing the theoretical prediction models and probing the underlying defor-
mation physics of the dopimum. The main findings are:

(i) The dopsimum, generally on the order of a few micrometers, may exist ubiquitously in materials with different crystal structures. At
the dopimum, the strain energy density limit reaches a maximum while maintaining fairly high yield strength, achieving the
optimal strength-ductility combination. The dgyimun decreases slightly with decreasing stacking fault energy.

(i) Theoretical models on the grain size-dependence of uniform elongation and ultimate strength are established by considering the
difference of dislocation accumulation in grain boundary affected region (Gbar) and grain interior. Combined with the Hall-
Petch relationship, the models provide accurate prediction on the dgpimum. The theoretical models are finally compacted into
semi-empirical models each containing only one empirical material parameter, which are convenient for engineering
application.

(iii) doptimum =~ 2lgpar, Where Igpq is the characteristic width of Gbar determined by the capability of grain boundary to withstand
GNDs piling-up or strain gradient accumulation. This suggests that the dyyimum is €xactly at or near the critical grain size having
the strongest intragranular plastic strain gradient effect. Moreover, the dopimum is also the limiting dimension that allows
simultaneous strengthening and toughening by grain refinement, beyond which further strengthening will be at the severe
expense of tension toughness.
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